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Symmetries and induced effects in bilayer and multilayer antiferroelectric
and ferrielectric liquid crystal phases
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The stable antiferroelectric and ferrielectric smectic phases which may arise below a chvalpgbase are
investigated theoretically. The symmetry and physical properties of the bilayer and multilayer configurations
are worked out. Antiferroelectric and ferrielectric bilayer and multilayer configurations, possessing an induced
spontaneous ferroelectric polarization component perpendicular to the smectic layers, are shown to take place,
as the result of a nonlinear piezoelectric effect. These states of low polar symmetries occur when the angle
between the inlayer projections of the dipoles and the director of the molecules is different from 90°.
[S1063-651X99)00906-X]

PACS numbe(s): 77.84.Nh, 77.80-¢e, 36.20.Ey

I. INTRODUCTION liquid crystal state$21], and results from disorder with re-
spect to end-for-end molecular flips and the consequent av-
Since the discovery of antiferroelectricity in the chiral eraging effect. It is invoked, for example, in order to explain
smectic liquid MHPOBC [1-4] [4'-(1-methylheptyloxy- Why polar nematic phases, which can be predicted to be
carbony)phenyl-4-octyloxybiphenyl-4-carborylate agid stable in the framework of phase transition theofi2g],
much attention has been paid to the investigation of liquichave not yet been found experimentally. _
crystal phases with apparent or underlying antiferroelectric Recently, it has been questioned if in more structured lig-
properties. However, at present only the structure of the ariid crystal mesophases, such as smectics, one could not find
tiferroelectric SnC} phase has been elucidated. In contrastmolecular systems in which the— —n symmetry could be
to the ferroelectric S@* phase in which the direction of the broken[16,17,2]. A few suggestions regarding the molecu-
molecular tilt is almost the same in neighboring layers, in thdar architectures that would remove the preceding symmetry
SmC phase the tilt directiorfand thus the direction of the have been proposgd9,23. In a more precise way, the ex-
in-plane spontaneous polarizatjoralternates by +180°  Istence of a stable chiral smecti -type configuration hav-
when going from layer to layer. Thisilayer structure of the NG @ spontaneous compone®j of the polarization in the
SmC* phase, that was initially proposed on the basis of elecdirection perpendicular to the smectic layers has been dem-
trooptics and conoscopits] studies of bulk samples, was °nstrated24].

confirmed by ellipsometric studies of thin freely suspended 1h€ @im of this paper is twofold. On the one hand, we
films [6]. For the other antiferroelectric (SN [7]), ferro-  theoretically investigate the symmetry and physical proper-
electric (SnC’[; [8]), and ferrielectric  phases ties of the bilayer and multilayer antiferroelectric and ferri-

% . * . ) electric smetic phases which are predicted to arise below a
(SmCy, ,SmC’ , SmCg, , SmCgy) [9], the corresponding SmA* phase. In this respect, the present work extends the

structures are presently unknown, although experimental in- . : )
dications ofmultilayer orderings have been claimgtio,11]. W?}Z“'Eirﬂz\él[%%sgﬂo?;??ﬁg (?t):]el.\?dheann?jon\:v:ns?]ol_v(\jgtlk?ea'gxis-

acf?r:\ltlri:u(i)ctjh(?rryg';?dp,ht;]:e;efcoerrr]rgeedxs\ﬁ{;lmt?enr:gl-sd}’::lf)oe\ée'r?’:ocl)-ence of stable, bilayer, and multilayer configurations having
ecules[12.13, and the theoretical predictioft4] that in simultaneously an antiferroelectric or ferrielectric in plane

such systems antiferroelectric and ferroelectric smectic co dipolar ordering, and a componeRt, of the total polariza-

. ; L L : ion. We successively examine the possible stabilization of
figurations would possess a longitudinal polarization, is an

incitement for the experimental and theoretical search o ntiferroelectric and ferrielectric mesophases displaying bi-

macroscopically polarized smectic states. Because of its poz_;lyer(Secs. Il and 1lj and multilayerSec. 1V) ordering, and

tential technological interest, the existence of a liquid cr StaFompatible with the existence of a spontaneous polarization
9 ' q y component along the layer normal. In Sec. V, we summarize

phase displaying a macroscopic component of the ferroelec-
. PSR o our results and conclude.

tric polarization in the absence of external electric field has

been sought for many years on theoretidB—-17 and ex-

perimental 18—2Q grounds. A presupposed obstacle for ob- Il. ANTIFERROELECTRIC BILAYER STATES
taining such a phase is that its configuration should be in-

compatible with the property of the medium to be invariant
against sign reversal of the director This symmetry crite- In reference to the current phenomenological model
rion is currently assumed to be a necessary property of al28,29 of phase transitions in antiferroelectric liquid crys-
tals, one can describe a bilayer stacking of dipolar molecules
using the two axial vectorg;=(—nyyn;,,ny,n;,) and &,
*On leave from the University of Amiens, Amiens, France. =(—nyyny,,N5Ny,), Where n,(i=1,2u=x,y,z) are the

A. Phenomenological model and symmetry analysis
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components of the director in thi¢h layer, and the space
variables &,y) andz denote the in-plane coordinates and the
direction perpendicular to the layers, respectively. The four

components oEl and €, span a four-dimensional reducible
representation of the space groGg=D..® T, which is as-
sociated with the parent chiral smectic phase A3
[22,29. This representation decomposes into two irreducible
representations db, that are spanned by the planar vectors
Ep=E&+ & andéy=E&,— &, respectively£p and &, trans-
form as the polarization and antipolarization vectBrs 51
+p, andA=p,— p,, respectively, wher@, andp, are the
polarizations of two adjacent layers.

Figure 1a) shows the bilayer configuration of the preced-
ing vectors in the S@% phase. The equilibrium values of
the corresponding moduli ar$p=|§p|=0,§A=|§A|¢0, P
=|P|=0, andA=|A|#0. The angle between th& andp;
vectors, as well as betweeé;;\ andA, is = /2. We will
now demonstrate that there exists another stable configura-
tion with respect to the same symmetry breaking mechanism
associated with the SAt -SmC} order-parameter. This con-
figuration, denoted S@j,, is represented in Fig. (). It
possesses the two following distinctive properties.

(1) The in-layer dipole ordering is antiferroelectric, but
the anglee is temperature dependent and different from
(£m/2,0/m).

(2) In each layerthere exists a nonvanishing component
of the polarizationa;ﬁ(i =1, and 2 along the direction per-
pendicular to the layers ) A fers from thelinear piezoelectricterm I, i.e., P, results

Using the transformation properties & andA under the  from the simultaneous existence of non-vanishing equilib-
symmetry operations d,, one can construct the following rium values of¢ and A under the condition that the scalar

basic invariant§30]: 1;=£3,1,=A% andl;=£,Asine. In and vector products of these two vectors are nonZeré
addition, the symmetry o6, allows existence of theou-  + 7/2 0.r).

pling invariant P,£4A cose whereP, is the modulus of the The homogeneous part of tifeanday free-energy den-
bilayer polarization along the z axi®,=pj+p3. This in-  sity associated with the SikT-SmC} transition can thus be
variant expressessecond-order piezoelectric effeand dif-  written under the general form

FIG. 1. Antiferroelectric bilayer smectic structures wii ¢
=90°(SnCy%), and (b) <p¢0,77,t77/2(SrTCZZ). The right-hand
side of each figure shows the in-layer projection of the various
vectors defined in the text.

1
Fr(éa APy =aifatadit -+ 5 APHD AT —cifpAsing
X11
2 A2 i 1 2
+CoERASI? o+ - - - —d,P,EpA COSp + 2—0P2+~-~, (1)
X33

where x7; and x3; are components of the dielectric suscep-and  1g=A(dépx/IZ) + Ay(9épny ! 92) = EpA SiN@(dp1 T2),
tibility tensor in the SMA* phasea;,a;,b;,C1,C,, and,d;  whereA, A, ,éay, andé,, are the in-layer components Af
are phenomenological coefficients. In order to describe thg,q £, and ¢, is the angle betweeﬁA and thex axis.

helical twist of the directon around thez axis, one has to Accordingly the inhomogeneous part of the free-energy den-
use the additional gradient invariants sity is

2\ 2
5§A) 2(‘9‘101)2 2
| :(_ =282 1| de; 1 dpy
4 Jz gA Jz Fi(gAvAv(P!(Pl):}\gi Y + §K33§i( 9z )

Iénx J J 9
ls= gAy(%) - §Ax( %) = fi(%) , — uépA SIH@%. )
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The determination of the in-plane configurations for the a
various stable phases is obtained by minimizihgwith re- (@)
spect to the successive variablRs,¢,A, and &, [30]. The
equations of state corresponding to a minimization with re- .
spect to the two first variables are SmC, |

P,=d1x3:£AA CO ) - ~< A
2= d1x336A S¢ PN

-~
e — -

and y

C1&pA COSp[1—KEAA SIne =0, (4) \

where K=[(2c,+d?x35)/c,]. Equation(4) shows that, in 1
addition to the SA* configuration €,=A=0), two distinct
tilted smectic configurations witf,#0 and A#0 can be (b)
stabilized: (i) The SnCj antiferroelectric configuration |
shown in Fig. 1a) for ¢®= = 7/2 andP$=0. (ii) The SnC}, \
configuration represented in Figihl, which is stabilized for \
¢+ * /2. The equilibrium value of the angle is smc, |{T *

1
’ N 1 %
1 ’ 1 "
<pe=aI‘CSil”k—, 5) T~ v \j"\‘_ '
§AA ~m ,

i.e., it is dependent on temperature. The equilibrium value of SmC,, ,”
P, is therefore \

PS=K™'dyx3;cote®. 6
z X33=00P © FIG. 2. Phase diagrams corresponding to the minimization of
the thermodynamic potentigh = [ (F,+F;)dz, whereF,, is given

Note that sinceP, is not affected by the helicoidal twist of by Eq.(1) andF; by Eq.(2). (a) F,, is expanded at the fourth degree

the molecules, it corresponds to raacrqscopically polar i the ¢, and A variables, and a strong coupling betwegnand
phase. Note also that angle$=(0,m) ’*Wh'Ch SorreSpond 10 A(c,>c,,b) is assumed(b) Fy, is expanded at the sixth degree in
parallel or antiparallel orientations f@p andA, do not co-  the £, and A variables, and a weak coupling,(<c,,b) is as-
incide with a stable configuration since they are realized unsumed. The dashed and solid lines represent second- and first-order
der the condition that, =0, i.e. it can only be obtained at an transition lines, respectivelfN; andN, are three-phase point§;
isolated point in the phase diagram. andT, are tricritical points.
When assuming exactly opposed tilt angles in two succes-

sive smectic layers, the symmetry of one bilayelPi222; one has a breaking of the discrete transverse twofold sym-
and P2, (in standard crystallographic notatiof&l]) for the  metry, which results from the lowering of the intrinsic sym-
SmCj and Snﬁ:zz configurations, respectively. Actually, the metries ofn andKk.
symmetry of each stable phase can be obtained as the inter-
sectionG = G,N G, of the intrinsic symmetry groups,, and
G, of the directom and wave vectok along the layer nor-
mal. In the parent S&* phasen andk being colinear, one . o
hasG,=D..®T, andGy=D..,®T,50G,=D..®T,. In the tj";‘;‘é bYth m'”'m'zt':‘cg t/*;e LOta' f(;ee'e”ergﬁ]:f(':_h

n K .o~ i)dz with respec A, ¢,P,, ande,=0qz whereqis
Sm(’\‘; phase,an.Dw®(2Tz), Gk:D”h®TZ’.and’ SINCA  the Iwave vectolr0 of theAheIigcfoidZal moéDJIatci]on. Assu?‘ning a
andk are not colinearGex =P222,®(2T,), i.e., the con-  fourth degree expansion &, in £, andA, and replacing,
tinuous rotational symmetryQ.,) is lost and the system ac- [by its equilibrium expression given by E)] in F;,, one
quires a twofold screw axis due to the doubling of the layerobtains the equations of state

period T, along thez axis. In the Srﬁ:’[\Z phase, then—
—n and k——k (updown symmetries are simultaneously EnA cosp[ —C1(Q°) + CoéaA Sine] =0, 7
broken, and one has,=C"®(2T,) andG,=CK &T,, so

GCZ =P2,®T,; i.e., the transverse twofold rotations are

B. Phase diagram and critical behavior

The phase diagrams involving the sz phase are ob-

2a;+ 48,65+ A%(C,y si? o—d2x30) + 0% 2N + K3°
lost. Hence, in the S®j_phase, in addition to the breaking €al281 F 43pEx+AT(Co SIM o= dixad) +A7( 3]

of the continuous rotational symmetry of the Sinphase, —¢1(g®)Asing=0, 8
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FIG. 3. Temperature dependences(afthe polarization com-

ponentP,, defined by Eq(6); (b) the anglep betweené, andA
defined by Eq(5); (c) the helix wave vectog, whose expressions
are given in the text(d) the helical pitchp=2/q; () the £, and

A moduli assuming a sequence of two second-order transitions;
SmA* —San,ﬁ—SnC,ﬁZ; and (f) the componentys; of the
dielectric-susceptibility tensor defined by HG2).

I
1
A —+4b1A +§A(Cz Siré o—d ng) FIG. 4. Structures of bilayefleft-hand sid¢ and in-layer pro-
X11 jections(right-hand sidg for (a) the Ferri | configuration, ancb)

_ _ the Ferri I configuration described in the text.
—C1(g°)éasing=0, )

- =[(—N+pux3iCy Sir® )/(Kgg— w®x 31 i @y)] is the helix
where ¢i(q°)=c;+uq® and C,=2c,+dix3:d°=  wave vector in the S@j_ phase, which depends on the

_ € i e ey
(MKgg) + (nA"siN@TKaat) is the equilibrium value of - g6 The spontaneous polarization component aleng
the wave vectoq deduced from the minimization &f with . e 0~ ~
varies as P, d1X33[c1(q,|)/cz]cotg<p,| ,  Where o

respect tay. Equationg7)—(9) and the corresponding stabil- " | i
ity equations yield the phase diagrams represented in Fig=arcsiic,(q;)/c,éqA"]. &3 andA'" here represent thie-
2(@). Thus, from the condition @F/a£3)(9°FIIA?) creasefrom T, of the equilibrium values of the moduli of

—(PFlogndm)?=0 for éa=A=0, one obtains the transiiion £y and A. Taking again the linear approximatios
temperatureT, at which the second-order i-SmCjx 2?31X§)1§A5in€0u yields §”_+[ao(T _T)/A]1/2 whereA

e . _ 2
transition take52 plac;a T =Tot (1/220K33)[x =2a,—(d X§3/8b )=0 is a condition of stability for the
+ [ x31(c1Kza— A ) ?/ (K3z— Ny 1)]] i.e., it occurs above SmC A+ phase.
the temperaturd, defined bya;=a,(T—T,),a,,K33 and z

X3 being positive constants. Within a linear approximation,
one has, in the S@, phase, A®= X1101(q DER, where
£X varies with temperature aséz= +[aO(T =T/

The sequence of two second-order phase transitions
mA* —SmC3 — SmA; shown in Fig. 2a) is obtained for a
fourth degree expansion &, when assuming a large bilin-
ear coupling ¢;>b;,c,) betweené, and A. When Fy, is
B(C_he)]llz'QF:[(_)\TXnMCl)/(Kss ©x39] is the equi-  truncated at the sixth degree ¢ andA, and considering a
librium value ofg® in the SnC} phase, and(q7)=2a;  gmall bilinear coupling betweefy, andA, the SnC%_ phase
+ x11¢1(ar) (¢~ dix3) =0 is a condition of stability for the o, pe reached directly from the B across a first-order
SmC} phase. transition. Figure ) shows that in this case the %h and
The SnC,+ phase appears below the Sjn phase SmCj_ phases merge with the SBjj phase at two three-
across a second-order fransition line, a,=T,  phase pointsN; andN,), and the STA*-SmC% transition is
—(d X§3/2a0b1)(11) [(2\q; + K33q|,)/2a0] where q either first or second order, the two regimes being separated
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Ir

]I' FIG. 6. Structures of bilayer and inlayer projections f@:the
Ferri 11l configuration andb) the Ferri Il configuration described
FIG. 5. Structures of bilayer and inlayer projections far the in the text.
Ferri Il configuration, andb) the Ferri Il configuration described
in the text.

|p,|. Figure 3a) shows that far beloW ., P, reaches a satu-
by tricritical pointsT, andT,. Note that the S@; phase in  rated value.
Fig. 2b) has two distinct regions of stability, separated by The temperature dependence of the angl@cross the
the SrTC;"\Z phase, and therefore one may observe a reentrahase sequence sgm-sm’;\-sﬁcxz is represented in Fig.

sequence of phases 8f-SmC} —SmCy . 3(b). Taking a constant value fog, ,¢ decreases from
Figures 3a)—3(f) represent the temperature dependence@(Tcz)=(7r/2) as = arcsin (I'CZ—T)‘l. Actually q, de-
of the relevant physical quantities, as deduced from the presreases with decreasing temperature bedym\mcz):qI , as

ceding description. The most distinctive property of theshown in Fig. 8). Hence, the pitch angle=2/q, which

A i [ ization . . ;
SMC, phase s the existence of a spontaneous polariz IS almost constant in the SBf phase, increases in the

component which arises belovtfC2 and increases as SmC% phase[Fig. 3d)). Figure 3e) shows the common

~Cu(an) cotgey . Close toTe, It corresponds toa linear temperature dependence|f| and|A| across the sequence
dependenceP,~(T,,—T), consistent with the improper of y\yo second-order transitions, assumed in the phase dia-
charactef30] of P,, i.e., P, is a secondary order parameter gram of Fig. Za), and within the assumption of a linear
induced by the simultaneous spontaneous onset of the syrependence betweehand &, .

metry breaking order-parametefg andA. In other word P, Applying an electric field along theaxis destabilizes the
results from the non-zero spontaneous values of the scal®mC} phase, and determines the equilibrium value ofghe
producté,- A, as expressed by E(). Therefore, one should angle in the Sr@,’iZ phase, which appears below the Sm
expect the magnitude dt, to be some orders of magnitude hhase This can be foreseen by replacing in the total free
smaller than the in-layer polarizatiop,|=|p,|, although energyF, by F,—EP,, and minimizing with respect t. It

the Sm’;XZ phase occurs for large absolute value$mf and  yields, instead of Eq(7), the equation of state:
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cose? —C1(0°) + £éa ASin@®(Co+ 203 x3E) ] — dy ¥ %E sine®=0, (10

which shows that only valueg®(E)+# (= #/2,0,m) corre- denoted Ferri |, Ferri Il, and Ferri lll, respectively. All three
spond to a stable state. FBr: 0. Eq.(3) is replaced by phases correspond to the equilibrium valdégst £p#0 or

A#P#0, and the angle between te and p; vectors, or
equivalently betwee® andA, is ¢ = * 7/2. The molecules
which contains a field-induced contribution. In the Sm  of two adjacent layers in the Ferri | phase possess distinct tilt

phase the componemgg of the dielectric susceptibily tensor angles @,+# 6,) and opposed azimuthal anglegpMEA)
is constantyas= x33, and in the Srﬁ)A phase it is expressed while in the Ferri Il phase they have the same tilt angle

PZ=x33( E+d1£3A° cose®), 11

by (01— 62— #) but distinct arbitrary azimuthal angles
(§pL §A). The ferrielectric ordering in the Ferri lll phase is
o d101X113|n2 2¢ -t characterized by distinct tiltq; # 6,) and azimuthal angles
X33= X33 1~ - a2 | - (12)  for the molecules of two successive layers.
A necessary and sufficient condition for the existence of a
The temperature dependence)(qg(T) across the S¥* - nonvanishing componer, of the polarization compatible

SrrC’;\ transition is shown in Fig. @). It has the standard With the preceding types of structures, is that both the scalar

behavior found for | improper ferroelectric transitions in crys-and vector product®- A and PxA should be nonzero. In
tals [30], with a finite discontinuity aff,, and an increase this case the following invariants are allowed by symmetry:

below T., with decreasing temperature. EaAsing, &pPsing, PyAcose, and P,ipP cose. These
invariants yield the stabilization of the, component.

The homogeneous part of the Landau free-energy density
involving the preceding terms can be written

Let us investigate the possibility of having a macroscopic
component of the polarizatioR, compatible with a bilayer
ferrielectric-type of dipole ordering. On a theoretical ground
three bilayer ferrielectric states have been shown to be stable
[29], which can be distinguished by their tilt and azimuthal
angles. They are represented in Fig®)45(a), and &a), and  whereF, is given by Eq.(1), andF|,, andF} correspond to

Ill. FERRIELECTRIC BILAYER STATES

Ft (§A1A P, Z)+Fh(§P!P @, PZ)+F”(§A1§P1A P)
(13

1
Fr(ép.P.o.P)=ajép+asép+ ——P?+biP—ciép P sing+cyépP? sin? o —diP,&pP cose (14)
X11
and
Fr=11APP?SI? ¢’ + 1oéRE5 SIP @' + i APPP+ o éRép + uaA?Ep+ patiP?, (15)

whereo’ is the angle betweeA andP or £, and &-. Analogously, the inhomogeneous part of the free-energy density is

FI=Fi(£a.A @,01)+F{(&p,P,0,01), (16)

whereF; is expressed by Eq2), andF/ is

29¢1 21 - 0¢y
Fi(ép,P.o,01)=Né—— 97 +5 K33§P( 97 mn' EpP sing 97 (17
Minimization of the total free energl'= [ (F},+ F!)dz give results analogous to those obtained for a bilayer antiferroelectric
ordering, i.e., in addition to the Ferri |, Il, and 11l phases which are stabilizedfert /2, three additional bilayer ferrielec-
tric configurations, denoted Ferfi,| II’, and IlI" are shown to be stable below the regions of stability of the phases |, II, and

Il respectively, when assuming a fourth degree expansidf,ofThey correspond to an equilibrium value of the angle
given by

. C1(q°)ERA°+C1(0°) £5P°
Sing™== eZpne? | =1 25e? o 1 ce pesepe’ (18)

wherec}(q®)=c}+ u'q® andcy=2c,—d;%x3;, q° being the helix-wave-vector expressed by:
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2 2 . ,
. —NER — N Ep + SiN@(uERA®+ u' EpP°) 19
- 2 , 2 d
Kasta +Kasép

£LLASER, and PE are the equilibrium values o, A, &p, electric phases become unstable, and one obtains direct tran-
andP in each of the phases,| Il’, and IIl', which at vari- ~ Sitions from the SrA* phase to the Ferri phases 111, or
ance with the unprimed Ferri phases possess a compBgent !’
of the total polarization, whose equibrium expression is
IV. MULTILAYER ANTIFERROELECTRIC AND
PS= x3J d; £SAC+d] £8P®] cose®, (20) FERRIELECTRIC CONFIGURATIONS

The phenomenological approach to phase transitions be-
e., it results from the conjuncted couplings @f\(andA)  tween smectic phases involving a multilayer<2) ordering
and p and P). The bilayer configurations of the Ferri was first discussed by Indenbom and Logif@8] starting
I”, 1I", and llI" phases are represented in Fig)45(bb),  from a SnA phase of achiralD..,, symmetry, and by
and @b), respectively. They can be distinguished by theToledano and Tcldano[30] for the continuous symmetries
value of thee’ angle betwee\ and P, which is¢’=0 in D.,C.,,Cun, andC,. The case of multilayer antiferro-
the Ferri I phase,p’=/2 in the Ferri Il phase, andp’ electric smectic phases was treated by Lorif26)27] using
#(0,m,* w/2) in the Ferri lIl phase. The three bilayer con- the formalism introduced by Dzialoshinskii for the descrip-
figurations possess a triclinic symmet®i, which is low-  tion of weak ferromagnetif32] and latent antiferromagnetic
ered with respect to the monoclinic twofold symmetries of[33] structures. Starting from a chiral 2t phase with an
the Ferri I, Il, and Il bilayer configurations. This is due to interlayer distance, a multilayer ordering is associated with
the simultaneous breaking of tmeand k intrinsic symme- & wave vectorg=(2z/nd)(n>2), located inside the one-
tries which go, respectively, fronD,, and D.., in the d'|men.3|onal Brillouin zone of th'e St phase, which con-
unprimed phases, tG.. andD., in the primed phases, i.e., sists in a segment of the reciprocal space, of lendth
then— —n andk— —k symmetries are broken in the Ferri =2a/d. A §econd-order transition tq I&Iayerr-_zd struc_:ture
I, 1, and IIl' phases. was shown in Ref[25] to be necessarily associated with one
Addltlonal effects have been omitted in the preceding deof the four-dimensional irreducible representations ofihe
scription, which are the possible onset of a ferrielectric ordroup, denotedS,, in Refs.[25] and [30]. Two different

antiferroelectric ordering along the normal to the smectic situations are met depending on whethes even or odd.
layers. Such effects are expressed phenomenologically by

the invariantSAz(|5\AF3|) and Az(|§A/\ﬁ|) where '&z: 5i A. Even n-layer ordering to antiferroelectric smectic phases
—p2, and require to include ifr}, the additional contribu- Let us first consider the case of antiferroelectric structures
tion: displaying a four-layer ordering. As in the bilayer cdSec.
II), one defines four axial vecto§$=[—niyniz ,NixNiz] with
2 i=(1—4), spanning the four-dimensional irreducible repre-

sentation(IR) G, of the D..® T, group atq=2w/4d. As
shown in Ref[30], this IR is generated by the two following
(21) 4X 4 matrices:

Fr(A;,én A P)=e1A(|AAP|) +e,A,(|Ex/\P|) +

’0

which yield an equilibrium expression fa, : C =[M‘2} U :[E‘M}

¢"|0|N]” T2 |N|O )

A= xsle|ANPD +e(IENPD]. (22
d#eid 0

This shows that the Ferri phases 1, 1, and IlI" should M= o
exhibit an additionaferrielectric ordering along the direc- 0 e've ]
tion while an antiferroelectric ordering should appear in the
same direction below the Sk phase for the Ferri phases Il @nd o (23
and II'. In the Ferri phases land III' the spontaneous com- dee @ 0
ponentA, should be superimposed to tRe component. N= 0 e iegad)

The phase diagrams involving respectively the Ferri-
phased(, I"), (I, 11") and(lll, [l ') have the same topolo- where C, is a continuous rotation of angle around the
gies as described in Fig. 2 for the antiferroelectricCSrand  layer normal andJ2¢ a twofold rotation perpendicular to
SrrC* phases. A qualitatively similar critical behavior, as the z axis. qu is spanned by the complex linear combina-
shown in Fig. 3, is also obtained at the phase sequencé®ns of the§I moduli: é1+iéy,&1—1&p, E3t+iés, &3—iéy,
involving ferrielectric phases. Note, in particular, that underwhich allows us to construct the basic homogeneous invari-
application of an electric field along the unprimed ferri- ants
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4 (@)
ui;gﬁu#ﬁ+£xﬁ+ﬁx

(24) y
= (&4 E)°+(£5+ 67 =
d . 1
and the inhomogeneous invariants P> z 5»2
3
4d
(e 0 [, 0 ~/ ,
87 St yz S22 39z *oz) £, 7
4 (25 A
2 —
23 5
|4:|Zl E I
Puttin
utting o
£1=p1C0SOy, E,=pysindy,
(26)

§3=ppcosh, and &£4=p,sind,,
one obtains the free energy density
F(pi, 0)=ay(p3+p3)+ay(pi+p3) +bipps+bapip

L300, 00,
X €0S 2 6y~ 0,)+ 5, P17 TP,

96,2 36,2
2 1 2 2
p1< az) pg( az)

Minimization of the total free-energ® = [F(p; , 6,)dz with

respect tg; andé; yields the stable states of the system. The, /G- 7. Structures of a four-layer unit-cell and inlayer projec-
antiferroelectric configurations fulfill the constraint tions for (a) the antiferroelectric configuration | aril) the antifer-
roelectric polar configuration' ] as described in the text.

+ 4
&
B!
5
5
s
=<y 9}

+ 55

(27)

4

> &=0. (28)  quires one to introduce axial vectorsé(i=1—n) with

=t =", &=0. From these vectors one can always construct
In addition, the equilibrium conditionp?=p3 and 6,=6,  four linear functions of thef; components along andy,

+ 7 impose that: denoted <Dj(§i“)(j =1-4, i=1-n,u=x,y), following the
R R R . method described in Ref34], which spans the IRG,,.
E1=—§&; and &=—¢,. (290  Putting®;=p; cosé ,¥,,,=p;siné(i=1, and 3 one obtains

. _ . " .. the same invariants forming the expansiBfp;,6;), ex-
Five stable antiferroelectric states, verifying the Cond't'onspressed by Eq(27), except theb, invariant, which has the
(29) are found. general formby,(p;)™(p,)"2cos §V2)(6,— 6,). Minimiza-

h(l) T‘t"’? statesl, denoteotl 1 §2d2|2" hf¥e theder;intizc;morﬁon of the total free energgp leads again to the constraint
phous tetragonal symmetrieB4,22%(4T;) an 8 &=—E.p+1, and to five or six distinct antiferroelectric

®(4T,) corresponding to right- and left-handed spirals. In e
3 : : - n-layered structures, dependingnif2 is even or odd.
the four-layer configurations represented in Fig&) and (1) Two configurations(l and Il) having the symmetries

8(@), & and ¢ 1(i=1—4) are at an angle- /2 for con- Pn,(2)n2®(nT,) and Pn(n,2)+1(2)n/2®(n-rz) which symbol-

figuration 1, and— /2 for configuration II. . .
(2) Two states denoted Il and IV possess the orthorhom'2€ the existence af-fold screw axes along the layer normal,

. : : : ; andn/2 twofold axes perpendicular to the layer normal. For
bic symmetrlesaP2221®(4TZ). In conflguratlone [ [Elg. example, for n=6 one obtains P6,22 ® (6T,) and
9(a] the four & vectors are orthogonal antby|#|ésl,  pg,22 & (6T,). For n=8, the symmetries ar®8,(2),
\ivhereas in the configuration IWFig. ?(b)]ﬁthe foﬁur vgctors ©(8T,) and P8s(2),® (8T,).
¢i have the same length but the angle (‘£,)=(£,.°&3) is (2) One or two configurationdll and 1V) depending on
arbitrary. whethern/2 is even or odd, of symmetr?(n/2)1(2)n

(3) State V[Fig. 9c)] possesses the lowest monoclinic @ (nT,), i.e., having an/2-fold screw axes and/2 twofold
symmetry P2,®(4T,). It corresponds to unequal lengths axes. For example fon=6 one has the enantiomorphous
|£1| # | €| and to an arbitrary angleZ(,” &,) = (£, &3). symmetriesP3,12® (6T,) and P3,12%(6T,), whereas for

The preceding results can be straightforwardly generaln=8 the symmetry i£4,(2),®(8T,).
ized to any even value ofi. Therefore a transition to a (3) For n=6, configuration V found fon=4 splits into
n-layered antiferroelectric state from the 8m phase, re- two distinct symmetries denoted(n/2),-n»® (nT)), i.e.,
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FIG. 8. In-layer projections fofa) the antiferroelectric four- =X
layered configuration Il anéb) the antiferroelectric polar configu- 53
ration 1l’, described in the text.

. . L FIG. 9. In-layer projections for the antiferroelectric four-layered
involving n/2-fold screw axes, witm=1,2,...... forn/2 odd configurations(a) Ill, (b) IV, and (c) V, and for the corresponding

and T“: 1,3,... forn/2 even. For exam_ple, fon=6, one polar configurationgd) 1ll’, (e) IV’, and(f) V', described in the
obtains P3;®(6T,) and P3,®(6T,), while for n=8 one o

hasP4,®(8T,) andP4,®(8T,).
Let us now show that as in the bilayer antiferroelectric R R
case(Sec. lll), there exist other stable multilayer antiferro- d,P,[ p1P;sin 20,1+ p,P, sin 265]cose. (32
electric configurations with evem>2, which possess a
spontaneous component of the polarization along the layer
normal. These additional stable states, of lower symmetries, Similar calculations to those in the bilayer antiferroelec-
are obtained when taking into account the coupling betweeffic case(Sec. 1) show that for # + /2,0, the coupling
the gi and 5i vectors, assuming an angle# (+ /2,07 invariants(31) and(32) allow stabilization of five additional
between those vectors. smectic configurations denoted, III’, IlI’, V', and V,
Thep vectors transform as the same four-dimensional | which can be reached from the & phase across the con-
! Rﬂguranons [, 1, 1, IV, and V, respectively. Figures(),
Giq than the&; vectors. Therefore, there exists a bilinear 8(b), 9(d), 9(e), and 9f) represent the conflguratlon's—lV'

coupling between thé andp; . Considering thev=4 case, which possess oblique in-layer polarizatiops, i.e., the
one can put transverse componenﬁ% form four-layered antiferroelectric
arrangements, and trﬁ% components give a nonzero contri-

(30)  bution PZ=Ei4:15iZ¢O along the layer normal. The symme-
ps=P,cosf, and p,=P,siné,, tries of the configurations ~ "+V’ are
P4,(1"), P45 (II") P2, (1", IV'), and P2,(V’'), re-

and assume an angle between the; and p; for the same  SPectively, and correspond, for configuratiorisIV' to a

p,=P,cosf,, p,=P;sing,,

i =(1—4). This yields the coupling invariant loss of the twofold in-layer axes, and to the breaking of the
n— —n andk— —k symmetries. Note that configurations V
[ p1Py sin 261+ p,P, sin 26,] sine. (31 and V' possess an identical symmetr2 R i.e., at the tran-

sition V—V’ the macroscopic symmetry is unbroken.
On the other hand, there exists another coupling invariangther words the “external” symmetriee——n and k—

between the componemz of the total polarization of each _§ stapilize configuration V, which represents a metastable
layer, p; = p|+ pI , which is state with respect to configuration’ V
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FIG. 10. In-layer projections for the antiferroelectric three- 1 £, EAN
layered configuration&) | and (b) 1l described in the text, and for g3 3 [0
the corresponding polar configuratioris) I’ and (d) II"'. B, X I_;' L X
3 Q Pl
B. Odd n-layer ordering to antiferroelectric smectic phases ﬁ% £ !
1 =
Similar results are obtained far odd. Considering the \VA v' 3

casen=3, one can define three axial vectofgi=1-3 o ) .
from which the following four basic functions, spanning the FIG. 11. In-layer projection for the antiferroelectric three-

IR Gy, atq=2m/3d, can be constructed: layered configurationsa) Ill, (b) IV, and (¢) V, described in the
1q ' ' text, and for the corresponding polar configuratiaasll ’, (e) IV,
i \/g and(f) V'.
V(&) =5 (261 GE-E8)E—(&-8)
=p1(cosh =i singy), (2) Configurations(denoted Il and IV corresponding to
(B3 &) =9|§3|)*or <J§1|, the & vectors being at an angle of7Z3,
\/— § and &,1 (&,—&3). Their symmetry isP2®(3T,) with the
W (5 )=5 (Zgy &- iT —&) twofold axis along therfl direction, as shown in Figs. 18
and 11b).
=p,(Cosb,*isind,), (3) The general configuration V shown in Fig. (¢ for

which, except for relatiori34), there exist no constraints on

the lengths of thefi and on the angles between them. The
corresponding symmetry is tricliniel® (3T,).

Generalizing to any odd value of the symmetry of the
configurations | and Il can be Writteﬁnm<n(2)n®(nTZ),

where theg! and &' (i = 1-3) are the components éf along
x andy. This yields a free-energy densigy(p;,6;) which
differs from the form given by Eq(27), only by theb,
invariant: bzpfpg cos 3@,— 6,). For any oddn this latter in-
variant has the general form,p7p5 cosn(6;,— 6,). Minimi-

zation of the total free energp, assuming the condition ~ 1-€- it contains am-fold screw axis(e.g., forn=5P5;—
P5,, and forn=7,P71—P76) andn twofold axes. The sym-
E1+E+E=0 (34  metries of the configurations IlI, IV, and V remain un-

changed for any.
shows that three types of antiferroelectric configurations can As is the evemn case there exist coupling invariants be-

be stabilized. _ tween& and the in-plane polarization vectors, which are of

(1) Configurations(denoted I and )i corresponding 0 the forms of Eqs(31) and(32). They give rise to the stabi-
equal lengths for the thfe& vectors, which are at an angle lization of additional phases possessing nonzero components
of 27/3, and tog,L(gH §,+2)(|—1 -3. They possess the p? of the polarization along the axis. The configurations
two possible enantiomorphous symmetrie8,12®(3T,) corresponding to these phases, which are denoted’| are
andP3,12® (3T,) which are represented in Figs.(@and shown in Figs. 1@), 10(d), 11(d), 11(e), and 11f), respec-
10(b). tively.
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C. Multilayer ferrielectric configurations ;’1: §1+ 52_ 53_ 54,
Ferrielectric configurations imply the condition
R N ;72251_52_534'{?4, (36
=2, &0, (35
1= - - > > >
73=61— &2t 63— &,
which is equivalent t&_,p; # 0. In order to determine the
correspondingn-layered ferrielectric stable configurations, which verify the reciprocal conditions
one can use the approach of R46] and[27] inspired by

the theoretical description of noncompensated antiferromag- 51:
netic structure$32,33. It consists of taking auxiliary anti-

ferroelectric vectorsy,, which are specific linear combina-

tions of the & . Here again, two different situations occur
depending ifn is even or odd.

i(mpt it ot ms), E:= (et N1 12— 13),
&3=5 (mp—m1— 2+ m3) (37
and &,=% (7p— 1+ 72— 73).

1. Evenn-layered ferrielectric configurations

For n=4 one can construct the three antiferromagneticThis yields the following expressions of in function of
vectors the ;(i=1—-3) and&;(i=1—4):

- 2 - -
mo=—— AL+ )~ (E+DIm—[(E-E)— (G- D]n

(71 77%)

2 - -
= — 5 Al(E-8)—(E-EDIm—[(£-E)+(E-ED]ns)

(73 77%)

2 - -
=m{[(fi—§§>+<§§—fi)]ns—[<fi+§§>—<§§+fi>]m}. (38
3 1

Equations(36)—(38) allow one to enumerate the different and 7| 7;. Note that each of the preceding configuration
classes of four-layered ferrielectric structures, which dfpen@pes possess different subconfigurations differing by the ori-
on the respective equilibrium relationship between e entation of theZ, vectors.

moduli, depending in turn on the tilt and azimuthal angles () g2+ £2 £2+ £2. Four types of ferrielectric configura-

made by the molecular subunits with respect to the/z)  tjons fulfill this condition. Configuration IV corresponds to
axes. Fom=4 one can distinguish seven different ferrielec- ﬁ:fﬁ and §§= 421- It produces the vecto?/p given by

tric configurations, belonging to two structural classes.

(1) &2+ £5= 2+ £2. Three types of four-layered ferrielec- aE— &)
tric configurations fulfill this condition. Fog?+ ¢5 and &3 POERALE ML (42)
= £2, one obtains configuration | with 7= 75
L oa2-8) . . and 75= 73. Configurations V E+&2,62=¢2) and VI (&2
np=— > (12— 73). (39  =&5,£5+#£3) produce p vectors which are expressed by
M2~ 73 Egs. (39) and (40), respectively. Finally, configuration VII

(82 £2,¢2# £2) corresponds to the general form of;
given by Eq.(398).

One can verify the stability of the correspondig seven
four-layered ferrielectric phases by using a free-energy den-

For &2= &5 and £5+ &2, configuration Il corresponds to

. 286-8) -

p=—5—>(72+ 73). (40) :
ng_ ,7% sity of the form
For £2+ £5 and €5+ £5 one obtains configuration 11, with F(lo.l1,12,13.15) + Fe(&i .71, 7p), (43
) where the homogeneous partfofs expanded up to the eigth
7;P:ﬁ[(§§_ 55)] ;72 (41) degr:ae ing; , an.dFC gxpresses the coupling betwegn 7%,
m— 72 and 7p. Note in this respect that the pairs of components
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(75,75, (75, 7)), (95, 7%), and (5, nb) span four two- ing an induced polarization component along the layer nor-
dimensional IR’s of the D® T, group. Generalization of the mal. A coupling can also be found between the
procedure to other even values wfrequire, preliminarily, noncompensated antiferroelectric vectérs., for n=4, 51
that one determine for eaahthe relevant antiferroelectric 52_ 53_54’51_ 52_ 53+ p., etc) and the analogous lin-

vectorsz; , which can be deducd@4] from the form of the g5 combination of thé, , which gives rise to ferrielectric or

W;(&}) functions spanning the 1R, . antiferroelectric ordering along tteaxis. The corresponding
) ) ] _ mesophases will be stabilized below the analogous configu-
2. Odd-n-layered ferrielectric configurations rations verifyingg= = /2, as in the bilayer case.

In then=4 case we have seen that ferrielectric structures

occur when thef_i possess unequal lengths, at least for part of V. SUMMARY AND CONCLUSION
them, i.e., for different tilt angles in some of the four layers. ' o
This can be verified for any even value mfFor odd values In summary, a theoretical approach for determining the
of n the situation is different, and one can have stable ferristable antiferroelectric and ferrielectric, bilayer and
electric configurations associated with vectors having Multilayer, smectic configurations that may arise below a
equal lengths in the layers forming the ferrielectric unit SMA" Phase has been described, and shown to apply for any
cell. Considering for example the case-3, a ferrielectric  numbern of layers, withn even or odd. This approach sys-

' . . e 222 tematizes the previous studig®6—30 on multilayer order-
configuration will occur ifyp=§&;+ &,+ £3# 0. One can de-

. . i ing in smectic phasel®5,30, and on the corresponding bi-
fine the two antiferroelectric vectors layer [28,29 and multilayer antiferroelectric[26,27]

- - s - - s structures. Furthermore, it has been shown that taking into
m=26-&— & and 7= &, (44 account the coupling between the in-layer tilt and polariza-
tion vectors, assumed to be at an arbitrary anglgields a
class of antiferroelectric and ferrielectric stable states, dis-
1 playing ferroelectric, antiferroelectric, or ferrielectric order
> 2_ 42 22 FE LEE _9F ENS along the layer normal.
® - g[(2§1 &t Lt filam265)Mm The obtained results provide a useful framework for ana-
oL lyzing the complex structures of the experimentally observed
—(§§—§§+ 16— €183) 5] (45) antiferroelectric and ferrielectric mesophases. However, one
must keep in mind that since the structures are helicoidal, the
This shows that a ferrielectric configuration requires themultilayer order assumed in our approach represents an ap-

conditionsz2# 72, i.e.,£,# &, and€; # £;. Under these con-  proximation which holds only in the limits of not too large

ditions seven different configurations can be stablized. ~ values ofn and of long helical pitches. Strictly speaking, one
(1) For ;71_0 and ;727&0 ie. for E’—(§2+§3)/2 and deals in the real situation with monolayer structures. This
- , 1LC., 1=

z 2 ! . e >, .o  property has been confirmed by the recent study of Mach
€27 &5 (configuration J, one obtains: 7p=(3/272)(§2 ¢y 4 [35], who found that the S@u«, SMCE,;, and

which yields:

oo
—&3) 72. o S SmCE,, structures agree with a “clock” model, assuming a

@ Th[ee d'St'”Cf conflguratloan(sll,ﬁlll, and IV) corre-  constant increment between adjacent layers, but compatible
spond ton; #0 and#n,=0, i.e., toé,= &3. The more general  with the two-, three-, and four-layer ordering characterizing
configuration |l corresponds tozp=(2/73)(¢é5—2¢5  the preceding mesophases.

There presently exists no experimental indication in anti-
ferroelectric systems of a polar ordering perpendicular to the
S - smectic layers. In the present work this type of order has
tion IV with 7p=(2/77)(&—2&5) 7. been shown to be always compatible with antiferroelectric

(3) For ,#0 and 7,#0 three other configuration®,  and ferrielectric configurations. Athough there is a strong
VI, and VII) may be stabilized. Foé,= —&;, 7p=[1/(n> belief that a polar order violating the——n symmetry
N2y 2Ebi) (conturalon V. For 1(E  Shouldnotve found i i cryslen e carfcaton

z Z 47z > 2_ 2 2_ g2 -
—&3) and &,# &5, one hai 77'32_ [1/(ni= 77_2)][(2_51_52 the location of the macroscopically polar mesophases in the
+&1(&x+ £3) —28,83) 11— (§3— £3) m2] (configuration V). phase diagrams with respect to the conventional antiferro-
Finally, the most general configuration VII, which involves electric and ferrielectric states, their specific critical behav-
no additional relationship betweef, corresponds toyp as  ior, etc) should encourage a search for them, especially in
given by Eq.(45). the classes of antiferroelectric systems formed by dimers

The stability of the three-layered ferrielectric phases cor{36] or by bent shaped molecul¢$2,13. In such systems
responding to the preceding configurations can be verifiethe conditions for realizing a dipolar order along the normal
using a free-energy density of the form of E43), and the have been shown to be particularly favorakld,37).
same procedure can be used for any odd value dfaking
into account the coupling between the in-layer polarization
vectorsﬁi and éi vectors, and assuming an angpe* 0,7,

+ /2 between these vectors, leads, as in the bilayer ferri- The authors thank the Fundacde Amparo @esquisa do
electric caséSec. Il to ferrielectric configurations display- Estado de SaPaulo for financial support.

+& &) my. For £,=E;=—¢, (configuration 1I) one has
7p=(—4I7%) €2 7,. When{,1 £, one obtains the configura-
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